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Cau L (3,5d)

1. Giai phwong trinh: x + 2,/(x + 1))(x + 6) + 2Vx+ 1 =2 + 2V/x + 6.

Loi giai:

Xét phwong trinh: x + 2,/(x + D(x+ 6) + Vx+ 1 =2+ 2vx+ 6 (1).

Pidu kién: {i i é N 8

Du doan x = 0 1a nghiém cta phwong trinh (1) nén ta sé bién déi va sit dung nhan lién hop dé tao ra

“_n

nhan t “x” nhw sau:

X+2/(x+DE+6)+Vx+1=2+2Vx+6

X+2Vx+1-2+42/x+1DEx+6)—2Vx+6=0
x+2(Vx+1-1)+2vx+6(Vx+1-1)=0
x+2(Vx+1-1)(1+vVx+6)=0

x+27=—=—(1+Vx+6) =0

2(1+\/X+6)] ~0
Vx+1+1 1

2(1+Vx+6)
VX+1+1

X [1 +
Vil+ >0 nén x = 0 (théa man diéu kién).

Vay x = 0 1a nghiém duy nhat cia phwong trinh da cho.
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x% + 6y? + 7xy + x + 6y = 21

2. Giai hé phwong trinh:
F PHUOns {21(22—5y2—5xy+x—4y)=27(x+6y)
Lévi giai:

x? + 6y% + 7xy + x + 6y = 21 (1)
21(22 — 5y2 = 5xy + x — 4y) = 27(x+ 6y) (2)

Xét hé phwong trinh: {
Ta bién d6i (1): x* + 6y% + 7xy + x + 6y = 21

(x+6y)(x+y) + (x+6y)=21

(x+6y)(x+y+1)=21(%).

D€y rang 22 = 21 + 1 nén thay (1) vao (2) ta dwoc:

21(22 — 5y% — 5xy + x — 4y) = 27(x + 6y)

21(x% +y? + 7xy + x + 6y + 1 — 5y? — 5xy + x — 4y) = 27(x + 6y)

21(x* +y? + 2xy + 2y + 2x + 1) = 27(x + 6y)

21(x+y + 1)? = 27(x + 6y)

x+6y)x+y+ DE+y+1)2=27(x+ 6y)
x+6y)[(x+y+1)3>—=27]=0

Tx (*)tathdyx+6y#0nén (x+y+1)3—27=0=>x+y+1=3>x+y=2.

Xx+6y=7

x4y =2 =>x=y=1

Khi do {
Tém lai: x = 1; y = 1 1a nghiém duy nhit cua hé phwong trinh da cho.

caull (2,5d)

N A 2 7’ ~ ¢ A i ~ 1 X4 + 6X2 + 1

1. Tim tat ca cac cap sé nguyén (x; y) thoaman: y + - = ————
- y 2x(x“+1)
Loi giai:
biéu kién: x,y # 0.
Nhan xét rang: x va y ludn cung ddu, do dé ta chi cin xét x,y > 0.
Ta bién déi: xt+ex®+1 (x* +2x% + 1) + 4x? _ (x2 + 1)+ 4x2 _x+1 2x
2x(x2 + 1) 2x(x%2 + 1) 2x(x2 + 1) 2X X2 +1

. 2 2

Dodo:y+1=X+1 zx
y 2x X4 +1
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X241 1 2x

T 2x ;_x2+1=0
x2+1 1 1
T tyTEa =0
2x
x2+1 1
=251 =
2Xx
2 2
Dox? + 122x=~ +122:y(ﬁ)22:>1—2;21—1=1>0nénphéixéyra:
2x 2x Y(Xzil) 2 2
x2+1 x2+1 x2+1 1 1 ) ~
~ =0=>y= — =2y = " —X+;:;—2y—xEZ:>x—1=>y-1(thoaman).

Vay cac cap s6 nguyén (x; y) théa min yéu cau bai todn la (1; 1) va (—1; —1).

/ = \ 7 ~ 2 ~ 3 \ . /7 L yd g kd
2.Védia, b, cla cacso thwc dwongthoamana+b +c= > tim gia tri nho nhat cua
biéu thirc:

_ Ya + b + 3/c _
T (2-a)2@+2b)  (2-b)2(b+2¢) (2-c)2(c+2a)

Loi giai:
7 - A7 . . " 1 - ’ w4 A Z
Dw doan diéemroitaitam:a=b=c= 5 Khi dé ta bién doi, chang han:

?VE _ a _ a
2-a32@+2b)  VaZ(2-a)?(a+2b) 3737 a.al(z - a)2(a +2b)

(a+a+%)=%(2a+%)

3 1 1 1 1 1
Suy ra: a.a.E(Z — a)2s§(2a+z) (2 —a)y< 5(2a+;) (2—-2a)(2—-a)

Theo bat déng thirc Cauchy thi: *[a.a.= <

H

Wl

L za+liz—a+z-a\
Tiép tuc st dung bat dang thirc Cauchy mot lan nira: (Za + %) (2 —a)?s< < T2 2 a) 27

3 8
3
3 1 2 1 27 9 Va a 8 a
= a.a.—(Z—a) S—r—=-= = —3 = .
— )2 3

2 3 8 8 (2 —a)2(a+2b) 9'f(a+2b) 9.2 a+2b
3 3
Vb 8 b . Ve 8 c

Twon ing co: > . > .
wong tr cung co (2-b)2(b+20)  9.32 b+2cVa (2-0)2(c+2a) 932 c+2a

Ya 0 3c S(a b c).

SwraM = o e o T oo 20 T Gootcrzm Sodz\arab Thrz T crza
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Dén day bién ddi va st dung bat dang thirc Cauchy - Schwartz dang Engel ta dworc:

a b c _ a’ b? n c? S (a+b+c)? __(@+b+0? _
a+2b b+2c c+2a a2+2ab  b2+2bc  c2+2ca  aZ+2ab+b2+2bc+c2+2ca  (a+b+0)2

8
-
9.2

1
2

“_n

Do d6: M > Diu “="xdyrakhia=b=c=

Ao ig e 5 Ny 2 8
Vay gia tri nho6 nhat cia M la T

Ccau IIL (3,0d)

Cho tam giac ABC nhon, khéng can. Trén cac canh CA, AB lan lwot liy cac diém
E,F (khong trung cac dinh tam giac) sao cho AE = AF. Trén dwong thang EF liy
cac diém M, N sao cho CM vudng géc CA, BN vudng goc BA. K 1a giao diém cua BN
va CM.

1) Chirng minh rang KM = KN.
2) Dung cac hinh binh hanh ANQF va AMRE. Chirng minh rang NQK = MRK.

3) Goi L, ] Ian lwot 14 hinh chiéu vudéng géc cia M, N 1én dwong thang BC, S 1a
giao diém cua JF va LE, T 1a diém d4di xirng véi S qua EF. Chirng minh rang A, T, K
thang hang.

Loi giai:
1. Vi AE = AF nén tam giac AEF can

tai A = AEF = AFE = CEM = BFN
(cac goc doi dinh twong ng).

Ma CME = 90° — CEM va BNF =
90° — BFN suy ra: CME = BNF =
tam giac KMN can (d4u hiéu nhan
biét) = KM = KN.

2. Do ANQF la hinh binh hanh nén
NQ=AFvaAB // QN = QN L NC
= tam giac NQC vuong tai N.

Twong ty cling cé tam giac MRK vuong tai M va MR = AE.
Két hgp véi AE = AF suy ra NQ = MR.

NQ = MR
KN = KM (cmt)

= ANQK = AMRK = NQK = MRK (hai géc

Xét hai tam giac vuéng NQK va MRK cé {

twong rng).
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c) Puong thang qua S vudng goéc véi BC cat EF tai P. P’ 1a giao diém cta AK va EF. Ta sé chirng minh
P=P.

That vay,

St dung hé qua cua dinh ly
Thales ta cé:

SP PF . SP PE
—_— = —VvVq— = —
NJ FN ML EM

PE PF _ SP SP
EM 'FN ML N]J

PE FN _ NJ
PF EM ML
PE_ NJ EM
PF ML FN

Theo két qua phan trén thi KMN = KNM = hai tam giac vuéng BNF va CME dong dang = % = %

PE_ N CM __ N CM _ NJ MK _ sinJBN _ sinKBC

PF_ ML BN BN ML BN CM sinLCM _ sinKCB

Do dé:

Hai tam gidc vudng BAK va CAK clung noi tiép dwong tron dwong kinh AK nén tir giac ABKC noi tiép.
Suy ra KBC = KAC (cung chdn cung KC) va KCB = KAB (cung chin cung KB).

Do dé: PE _ sinKBC _ sinKAC _ KC KB _ KC
"PF sinKCB sinKAB KA KA KB

(1).

Goi D, G Ian lwot 1a hinh chiéu cuae P’ 1én AB, AC.

.+ P'E_ Spaprg _ (1 , (1 ) _ P'G
Khi d6: 570 = 2428 = (3AE.P'G ): (3AF.PD) = 22 (2).
Theo hé qua cia dinh ly Thales thi PG _PA,ED_PA suy ra PG_FPD, P,—G = X¢ (3).
KC AK KB AK KC KB P KB
Kéthop (1), (2)va (3) tadwoe: = = -~ = P=P.

Goi H 1a hinh chiéu ctia A 1én BC, khi dé:

CKA = CBA (cung chin cung AC) hay CKA = HBA.

Ma BAH = 90° — HBA, KAC = 90° — CKA = BAH = KAC.

ViSP // AH = SPA = PAH = BAC — (BAH + KAC) = 180° — (AFE + AEF) — (BAH + KAC)

= 180° — 2AEF — 2KAC = 180° — 2(AEF + KAC) = 180° — 2EPK.
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Mit khac:

SPA = 180° — APF — SPE = 180° — EPK — SPE = 180° — 2EPK = 180° — EPK — SPE

= EPK = SPE.

Do T d&i xttrng v&i S qua EF nén SPE = EPT = EPK = EPT = PT = PK hay ATK thing hang.

bén day bai toan dwoc chirng minh hoan chinh.
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