Mot sé chuyén dé

TOAN NANG CAO DANH CHO HOC SINH PHO THONG

www.toanhocvietnam.com

T4c gia: Nguyén Kim S&

Hoi Toan hoc Viét Nam

CAC KY HIEU TOAN HOC THONG DUNG DUNG TRONG TAI LIEU

1. IMO : Cudc thi hoc sinh gidi toan qudc té.

16. Y, x; : TOng x1 + X2 +..+ Xn (tOng

2. VMO : Ky thi hoc sinh gi6i quoc gia Viét Sigma).

Nam.

3. PHKHTN : Pai hoc Khoa Hoc Tw Nhién.

4. PHSPHN : Pai hoc Sw Pham Ha Noi.

5.N: T4p s6 tw nhién.

6. N*: Tap cac s6 nguyén duong.

7.7 : Tap cac sd nguyén.

8. Q: Tép sO hiru ty.

9.R: Tap s6 thuec.

10. @ : TAp rong.

11.a i b:achia hétchob.

12.d|m: d la wéc s6 cia m.

13. 'CLN(a; b) : Uéc s6 chung 1é6n nhit cua
2s6avab.

14. BCNN(a; b) : B6i s6 chung nho6 nhit cua
2s06avab.

15. (a; b) = 1 : Hai s6 a va b nguyén t6 cung

nhau.

17.1}e4 x; : Tich x1.x2 ... Xn.

18.n!': Tich n s6 nguyén dwong dau tién.

19. [x] : Phan nguyén cda s thuc x, 1a s
nguyén khong vwot qua x.

20. {x} : Phan 1é ctia s6 thuc x, {x} = x - [x].
21. BDPT : Bit diang thirc.

22. VT : V€ trai.

23. VP : V& phai.
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Ky thuat Cauchy ngwoc hwong...

B4t dang thirc trong chwong trinh Toan phé théng 1a mot dang todn hay va
khé. Cac bai tip chirng minh BDT hodc tim GTNN, GTLN thwong 1a bai cudi
cung trong cac dé dung dé phan loai hoc sinh, trong cac ki thi hoc sinh gioi
cac cip, thi vao cac treong chuyén 16p chon.

Bit dang thirc Cosi 1a mot trong nhitng bat dang thitc ¢ dién quan trong
bac nhit, théng dung nhit. Tén chinh xac 1 bat dang thirc giita trung binh
cOng va trung binh nhan, nhiéu ngwoi goi 1a bat dang thitc AM - GM (AM 1a
viét tit clia Arithmetic mean va GM 12 viét tat cia Geometric mean).

Cé nhiéu cach dé chirng minh nhwng cach chirng minh quy nap cta nha
toan hoc ngwoi Phap Augustin - Louis Cauchy (1789 - 1857) dwoc danh gia
12 hay, hiéu qua nén nhiéu ngwoi nhadm 1an rang Cauchy phat hién ra bat
dang thirc néu trén nhung thuwc té 6ng chi 1a ngwdi dwa ra cach chitng minh
rat dep ctia minh ch& khong phdi 1a ngwoi phat hién ra dau tién(theo
wikipedia.org). Va cling do cach chirng minh dic sic nady ma chdng ta hay
goi 1a bat dang thirc Cauchy.

KIEN TH(’C CAN NHO'

B4t dang thirc Cauchy(AM - GM)
Chon(n € N,n > 2) s6 thwc dwong x1, X2, ..., Xn Khi d6:

X1 +X+...+X
L2 > 1/X{. X5 ... X

n
Hoac dwoc viet dwéi cac dang khac:
1.x1 + X5 + ... + X, 2N00/X1.X5 .. Xy

2 (x1+x2+ ..+ Xp
) n
Dau “=" xay rakhiva chikhixi =x2=..=xa

n
) > X1.X5 ... Xp
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Luuy:

Da s6 bai toan khong xuit hién dinh dang dé 4p dung ngay ma phai thém
bét, bién doi. Kinh nghiém dé bién doi la sir dung va dw doan diéu kién dé

«u_n

diu “=” xay ra r6i nhan chia cong trir hoac doi bién cho thich hop.

Trong cac dé thi ciing chi 2, 3 s6(hodc 2, 3 b6 s6) nén hoc sinh can phai nhé

cac trweong hop don gidn nay: véix, y = 0 thi x + y > 2,/xy, ddu “=" xay ra khi

va chikhix =y hoacvéi3sda b,c=0khidéa+b+c= 3Vabc, d4u “=” Xay
rakhivachikhia=b=c.

V@i cac bai toan dac biét c6 mau s, néu ap dung ngay sé dan dén bat
dang thirc bi ddi chiéu va khi d6 ta khong thé sir dung tinh chat bac
cau, do vay can phai tinh té trong bién d6i, cu thé 1a ¢ gang thém bét
dé tao ra diu “-” trwdrc cac phian sé dé va ngwaoi ta goi d6 1a “ky thuat
Cauchy ngwoc hwong”.

Chidng ta cung xem vi du sau dé hiéu r6 hon:

Bai toan 1:
Cho a, b, ¢, d 12 cac s6 thuc khong Am. Chirng minh rang:
a3 b3 c3 d3 a+b+c+d
+ + + >
a2+b2 b2+ c2 c2+4d2 d2 + a2 2

[Dé thi HSG I6p 9 huyén Gia Ldm - Ha N6i 2022 - 2023]

Loi giai:

Du doan rang diu “=” xay rakhia=b = ¢ =d va cling 1a du dé 4p dung BDT
AM - GM v¢i cadc mau sd. Tuy nhién khi d6 bat dang thirc sé ddi chiéu!

Vi viy ta sé bién do6i nhu sau:

a®  a’+ab?-ab? _ a(a®+b?) -ab? _ ab?
a? + b2 aZ + b2 a? + b2 a? + b2
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ab? ab?

Via? + b%?>2abnén —— =

2ab 2

Hoan toan twong tu ta cling thu duoc:

b3 C c3 d d3 a
> - —— 2C— —; >d- —.
b2 + ¢2 2" c2+d? 2 d2 + a2 2
3 3 3 3
, a b C d
Do do: + + +
a?+b? b?2+4 c2 c?+d? d? + a?
at+b+c+d
2
Daull ”»

< —=—,suyraa-

b
>a-—-+b--+c-—-+d- - =
2 2 2

b2

a? + b?

=2a-

N.|c~

c d a
2

xay ra khi va chi khi a =b = ¢ = d. Bai toan dwoc chirng minh.

Bai toan 2:

as b3 c3

Cho a, b, c 1a cac s thwe dwong. Chirng minh rang:

+ 2
a’+ab+b2 b2+bc+c2 cZ+ca+a? 3

at+b+c

Lo giai:

Vi a, b, cl1a c4c s6 thuc khong 4m nén ta nghi dén bAt dang thirc Cauchy:

ab<512+ b? suv ra ad S a3 _ 2 a* 2 a(@®+b?-ab? _
- YT e vab+b2 ™ 5, 2202 o T 3azirbz 3 a2 + b2 -
2
2 ab2 as 2 b
~(a-— 2= Hay ———— = = (a— -).
3( a2+b2) ( ) y:;12+ab+b2 3 2
Chirng minh twong tu: i > (b ) _ora (C )
8 gt b2 + bc + ¢2 c2+ca+az_ )
as b3 c3 2 b 2 c
Twdo6 S= + + >-(a—)+=(b=—2)+
a2+ab+b%Z bZ+bc+cZ  c2+ca+a? 3( 2) 3( 2)
2 a+b+c “_n
5( — —)— .Dau “=" xdy rakhivachikhia=b=c.

Ngoai ra néu dé y dén dinh dang bai todn, chiing ta c6 cach giai khac kha tw

nhién nhw sau:
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a3 b3 c3 . b3 c3

batS= + + vaP-= + +
: a2+ab+b2 bZ+bc+c2 cZ+ca+a? a2+ ab+b2 b2+ bc+c?
23
——2 ___ Khi dé:
c24ca+a
a3-b3 b3-¢3 c3-as
S-P= + =a-b+b-c+c-a=0hayS=P.
a2+ab+b2 b2+4+bc+c?2 c2+ca+a? y
o a3+ b3 b3+ ¢3 c3+ad ab + b?
Do vay 2S = + + =(a+b)————
3y a2+ ab + b2 b2+bc+c2 c2+ca+a? ( )a2+ab+b2
bc + c? ca+ a?
b+ o) 2ty (c+a)s Bt
( )b2+b +c2 ( )c2+ca+a2
a?—ab+b%? 1 b%2-bc+c?2_ 1 , c?-ca+a®_ 1
Dé dang chirng minh dwo'c > >-va ————=>-su
8 8 ab+b2 3’ b2+bc+c2 3 c2+ca+a? 3 y

a+b+c

ra: ZS>—(a+b)+—(b+c)+—(c+a)=>S>

«__n

D4u “=" xay ra khi va chi khi a = b = c. Bai toan dwoc chitrng minh.

Loi binh:

Cdch 2 dworc bién do6i va gidi mét cdch rdt tw nhién, phwong phdp nay dwoc
st dung vdi tirng dang todn cu thé vai cdu tric ddc biét. Cach 1 twong doi

phirc tap nhwng doi lai qua qud trinh lam viéc chiing ta lai thu dwoc nhirng
3

g 2 \ g Z Ve b ol .
két qua quan trong la bat dang thirc: > g( a— E) véimoia, b >0

a
a2+ ab + b?
ma sé dworc dung twong déi nhiéu vé sau nay.

Bai toan 3:
Cho a, b, c 1a cac s thwec dwong. Chirng minh rang:
Vab Vbc Vea

+ + < 1.
2vVab+c 2vbc+a 2Jca+b
Loi giai:

Néu ap dung ngay bat dang thirc Cauchy v&i miu s6 thi bai toan sé dai
chiéu(tao ra dang A > B < C, day 1a diéu t6i ky khi 1am to4n va chac chan bat
ky hoc sinh yéu toan nao ciling da tirng gap tinh trang nhw vay khéng phai
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Vab N vVbc N Jca
2vab + ¢ 2vVbc + a 2J/ca+b

mot lan!). Vi thé ta bién do6i nhw sau:
1 1

() + i) i) - it

b n C )
2vca+b  2Vab+c/’

St dung BPT AM - GM: 2vbc <b +c =

> b v C > c
Ta+b+c 2vVab+c a+b+c

, Vab vbc yca ~ ” N ” .
0 + + <1.Dau“="xayrakhivachikhia=b=rc.
2vab+c 2vbc+a 2vca+b y

2 > 2 . Twong tu b
2vbc+a a+b+c g “ 24Jca+b

a n b c >a+b+c_
2vbc+a 2vVca+b  2Vab+c _a+b+c

suy ra:

Do d

Bai toan dwoc chirng minh.

Bai toan 4:
Cho a, b, cla cac s6 thwc khong &m théamana+b +c=1.
c 1

Chtng minh ring: —— + —2 4+ > =
g g'1+9b2 149c2 1+49a%2 2

Lovi giai:

V&i dé bai nhw thé nay ching ta dé dang doan dwoc diéu kién d4u “=" xay
rakhia=b=c=2 Khidé 1=9a?=9b? = 9c? va nghi dén viéc sir dung bét
dang thirc Cauchy. Tuy nhién do cac biéu thirc 1 + 9a%, 1 + 9b%, 1 +
9¢? nam dw¢i mau nén néu st dung ngay sé dan dén bat dang thirc bi dao
chiéu! Do d6 ciing nhw cac vi du trén, ta thém bt nhw sau:

o a b c . 3
batS= + + khi do:
: 1+9b2 149c2 1+ 9a?
a(1+9b?)—-9ab? b(1+9c?)-9bc? c(1+9a?)-9ca? 9ab?
S= + + =a+b+c-(
1+ 9b? 1+ 9c¢2 1 + 9a2 1 + 9b2

9bc? n 9ca? ) ~1 ( 9ab? 9bc? n 9ca?
1+9c2 = 1+49a2’ 1 + 9b2 1+ 9¢2 1 + 9a2

).

Dén day st dung bat dang thirc AM - GM ta co:
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1 + 9b%=2v1.9b% =6b,twongtw 1 + 9c?=6¢c;1 + 9a? = 6a.

9ab? 9bc? 9ca? 9ab? 9bc? 9ca? 3
+ < + + ==(ab + bc + ca).
1+ 9b2 1+ 9c2 1+ 9a2 6b 6C 6a 2

St dung bat dang thirc quen thudc: ab + be + ca < % (a+b+c)?= %

9ab? 9bc? n 9ca?
1+ 9b2 1+ 9c? 1 +9a2

s%,tfrdéSzl—

N |-

1
>

Suy ra

«u_n

DAau “=” xay ra khi va chi khi a = b = ¢ = =. Bai todn dwgc chitrng minh.

OV

Bai toan 5:
Cho a, b, c1a cac s6 thwc khong &m théamana +b + c = 3.
1 1 3

Chténg minh ring: —— + + >
g & a2+abc b2+abc c2+abc 2

Loi giai:

Tt diéu Kkién bai toan va st dung BPT Cauchy tacé:a+b +c 2> 33Vabc =
abc < 1. Do do:

1 1 1 1 1 1 a2 b2
+ + > + + = — +(1-— +
a24+abc b2+4abc c2+4abc aZ+1 b2+1 c2+1 az+1 b2+1

c? a2 b2 c2
1-o)=3-( )
( cZ+1 3 a2+1+b2+1+c2+1

3 N az b2 Cz
Via?+ 12 2a b>?+1=22bvac*+ 12 2c = + +
a?2+1 b2+1 c2+1
a? b2 ¢z 1 3 1 1 1 3 3
—+—+—=-(a+b+c)==Suyra + + 23 —=-==-.
Za+2b+20 2( + +) 2 y a2+abc b2+4+abc c2+abc 2 2

DA4u “=" xay ra khi va chi khi a = b = ¢ = 1. Bai toan dwgc chirng minh.

Bai toan 6:
Cho a, b, cla cac s6 thwec khéng am théamana+ b + ¢ = 3.

N\ 2 - A V4 az b2 CZ
Tim GTNN cua biéu thirc: S = + + :
a+b2 b+cZ2 c+a?
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Lovi giai:
Ciling nhw cac bai toan trén, ta bién doi:

a2 N b? N c? _a(a+b2)—abz+b(b+c2)—bc2+c(c+a2)—ca2
a+b? b+cZ c+a? a+ b2 b + c2 c+ a?

ab? bc?2 ca? ab? bc2 ca?
=(a+b+c)— +-=)=3—( )]
a+ b2 b + c2 c+ a2 a+ b2 b + c2 c+ a2

2 2 2
DétP:aab 4 be , ca stt dung BPT AM - GMtacéa + b? = 2bv/a,

+b%2  b+c2  c+a?’

b+ c? >2c/bvac+a? 22a/csuyraP < %(b\/E+C\/B+a\/E) =
- (Vbvab + vevhbe + Vavea).

Str dung BPT Bunhiacopxki (vVbvab + vcvbe + Vavea)? < (a + b + c)(ab +
bc+ca)=3(@ab+bc+ca)<s(a+b+c)?=9=+vVbVab +Vcvbc + Vavca < 3

:Psz.Dod()SZ3—%z%.Dé’u":"Xéyrakhivéchikhia:b:c:1.

K&t ludn: GTNN cua S 13 %
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BAI TAP TU GIAI

Bai 1. Cho a, b, c1a cac s6 thwc khéng 4m théamana+ b + ¢ = 3.

b C
+ +
1+b2  1+4+c2 1+a2

N w

Chrng minh rang:

Bai 2. Cho cic so thuca, b, cthéaman0<a,b,c<2.

. . N 1 1 1 a?+b%2+c?+3
Chirng minh rang: + + >
2—a 2-b 2-c 2

Bai 3*. Cho a, b, cla cac s6 thuwc khong 4m thoa méan abc = 1.

a*b b%c cta
+ +
a2+1  b%2+1 c2+1

Chrng minh rang: > %
Bai 4*. Cho a, b, cla cac s6 thuwc khong 4m thoa méan a2 + b2 + c2 = 1.

b C
+ +
1+bc 1+4+ca 1+ab

Chrng minh rang:

Nhirng bai tAp nay c6 thé gidi quyét bang nhiéu phwong phap khac nhau
nhwng ban hay thir dit bat va lam bang ky thuat Cauchy ngwoc hwdng. Sé
rat tha vi va hiéu qua!

(con tiép)

Lép chuyén Toan thiay So6

Lién hé: 093.464.1088
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1. X. V. Conhiagin, G. A. Ténoian, 1. F. Sarwghin: Cac dé thi vo dich toan ctia
cac nwédc (Nguyén DE, Nguyén Khanh Nguyén dich tir tiéng Nga), Nha xuit
ban Hai Phong, 1993.

2. Dé thi HSG cac cap cua cac quin(huyén), tinh(thanh pho) trén ca nuwéc,
dé thi VMO, IMO.

3. Tap chi Toan hoc va Tudi tré.
4. Cac chuyén dé SEMINAR Héi todn hoc Ha Noi.

5. Cac website vé Toan hoc trong nwéc va nwéc ngoai.
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